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Abstract. The simple m2φ2 potential as an inflationary model is coming under increasing
tension with limits on the tensor-to-scalar ratio r and measurements of the scalar spectral
index ns. Cubic Galileon interactions in the context of the Horndeski action can potentially
reconcile the observables. However, we show that this cannot be achieved with only a constant
Galileon mass scale because the interactions turn off too slowly, leading also to gradient
instabilities after inflation ends. Allowing for a more rapid transition can reconcile the
observables but moderately breaks the slow-roll approximation leading to a relatively large
and negative running of the tilt αs that can be of order ns−1. We show that the observables
on CMB and large scale structure scales can be predicted accurately using the optimized
slow-roll approach instead of the traditional slow-roll expansion. Upper limits on |αs| place
a lower bound of r & 0.005 and, conversely, a given r places a lower bound on |αs|, both of
which are potentially observable with next generation CMB and large scale structure surveys.
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1 Introduction
Inflation is a leading paradigm able to solve the main problems of the standard model of cos-
mology and, at the same time, able to generate the quantum seeds that could have given rise
to the structures we see today in the sky. The canonical picture consists of introducing a new
scalar field minimally coupled to Einstein gravity, the inflaton, which drives the expansion
of the Universe from quantum to cosmological scales at an exponential rate while it slowly
rolls towards the minimum of its potential. This potential is required to be sufficiently flat in
order to have enough time to form a Universe consistent with the isotropy and homogeneity
observed today. Although the paradigm itself is consistent with the latest observational con-
straints on the scalar and tensor power spectra (see e.g. [1]), simple quadratic and monomial
potentials are coming into increasing conflict with these constraints.
Inflationary models with noncanonical terms can arise naturally from particle physics
and allow more freedom to satisfy observational constraints [2–8]. Models with nonminimal
couplings, for instance, are able to reconcile with current measurements some of the earliest
and simplest realizations of inflation, such as those with power-law potentials [9–15].
General scalar-tensor theories of gravity provide a unified framework upon which one can
construct new models of inflation or embed known ones in a broader context. The most gen-
eral four-dimensional scalar-tensor theory in curved space-time which leads to second-order
equations of motion – thus free from ghosts and related instabilities – is the Horndeski [16], or
generalized Galileon [17–19], theory*1. Recently there have been efforts to construct models
of so-called G-inflation using the Horndeski Lagrangian by explicitly choosing the form of
the independent functions of the scalar field and its derivatives. Such models must be care-
fully constructed to avoid instabilities, given that the Galilean symmetry should be broken
in order to have a successful inflation [19, 29–33].
When constructing phenomenologically viable models in the more general parameter
space, the usual slow-roll approximation may not always suffice to describe observables. While
numerically solving the scalar and tensor equations of motion is always possible, generalized
slow-roll (GSR) techniques have been developed to overcome the deficiencies of the traditional
slow-roll approach [34–40]. In particular the optimized slow-roll (OSR) expansion of GSR
provides an improved way of evaluating scalar and tensor spectra for inflationary models with
slow-roll violation on a time scale of a few e-folds or larger [39]. Recently these approaches
have been extended to cover the full space of Horndeski models, allowing one to compute
the inflationary observables without imposing the slow-roll conditions [41]. Their efficacy
have been tested for large slow-roll violations such as those required by primordial black hole
(PBH) formation models [42].
In this paper we show that it is possible to reconcile the observational tension between
scalar and tensor observables in m2φ2 inflation by introducing a transient G-inflation regime,
for which the GSR and OSR formulas provide a good description of inflationary observables.
In §2 we review the Horndeski Lagrangian and show why simple models with a constant
Galileon interaction mass scale introduced in previous studies [32] can no longer satisfy
the latest observational constraints. In §3 we show how to overcome these difficulties by
introducing a transition during inflation that transiently violates the slow-roll approximation.
In §4 we show how the GSR and OSR techniques accurately relate the parameters of these
models to the scalar and tensor observables. Finally, we conclude in §5.
*1While healthy theories beyond Horndeski have been developed to include higher derivatives in the equa-
tions of motion (see [20–28]), we will restrict our analysis to models within the Horndeski framework.
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2 Potential-driven G-Inflation
Horndeski gravity is the most general scalar-tensor theory in four dimensions which leads to
second-order equations of motion. The full Lagrangian is given by
LH = G2 +G3φ+G4R
− 2G4,X [(φ)2 − φ;µνφ;µν ] +G5Gµνφ;µν (2.1)
+
G5,X
3
[(φ)3 − 3(φ)φ;µνφ;µν + 2φ;µνφ;µσφ;ν;σ] ,
where Gn = Gn(φ,X) are arbitrary functions of φ and X ≡ gµν∂µφ∂νφ, Gn,X ≡ ∂Gn/∂X,
φ;µν = ∇µ∇νφ and R and Gµν are the Ricci and Einstein tensors respectively. For G2 =
−X/2 − V (φ), G4 = 1/2, and G3 = G5 = 0, we recover the Lagrangian for canonical
inflation*2.
From Eq. (2.1) one can now choose the Gn functions to construct more general phe-
nomenological models of inflation given that the simplest realizations are being ruled out
by the latest cosmological measurements. For instance, the chaotic inflation model provides
a large value for the tensor-to-scalar ratio r which is disfavored by current observations.
Ref. [32] showed that with the introduction of a Gn term the relationship between the tensor
and scalar observables can be modified. However, we shall now see that under the slow-roll
approximation, this additional freedom is not sufficient to reconcile observations with the
predictions of chaotic inflation.
Concretely, Ref. [32] considered a model of potential-driven G-inflation of the form
G2(φ,X) = −X
2
− V (φ) ,
G3(φ,X) = f3
X
2
,
G4(φ,X) =
1
2
, (2.2)
G5(φ,X) = 0 ,
with a chaotic inflation potential V (φ) = m2φ2/2 and f3 = −M−3, where m and M are the
inflaton and Galileon mass scales respectively*3.
Taking Eqs. (2.2), assuming the general case in which f3 = f3(φ), and working on the
flat Friedmann-Lemaˆıtre-Robertson-Walker (FLRW) metric,
ds2 = −dt2 + a(t)2δijdxidxj , (2.3)
the Einstein and Klein-Gordon equations can be written as
V −
(
3− 1
2
φ′2
)
H2 +
(
3f3φ
′3 − f3,φ
2
φ′4
)
H4 = 0 ,
V − 2H ′H −
(
3 +
1
2
φ′2
)
H2 + f3H
3H ′φ′3 +
(
f3φ
′2φ′′ +
f3,φ
2
φ′4
)
H4 = 0 ,
V ,φ +HH
′φ′ +
(
3φ′ + φ′′
)
H2 +
(
9f3H
′φ′2 − 2f3,φH ′φ′3
)
H3 (2.4)
+
(
9f3φ
′2 + 6f3φ′φ′′ − 2f3,φφ′2φ′′ − f3,φφ
2
φ′4
)
H4 = 0 ,
*2Here and throughout we take units where MPl = 1/
√
8piG = 1.
*3G-inflation was originally introduced in [19, 29] as a model for inflation driven kinetically by the Galileon
field. The models discussed here, on the other hand, are potential-driven versions, first studied in [31].
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where H is the Hubble parameter and derivatives are defined as ′ ≡ d/dN , being dN ≡
Hdt = (H/φ˙)dφ the number of e-foldings of inflation, and ,φ ≡ d/dφ.
In the slow-roll (SR) approach, Eqs. (2.4) may be approximated as [32]
3H2 ≈ V,
3H2φ′(1 +A) + V,φ ≈ 0 , (2.5)
and
H ≡ −H
′
H
≈ 1
2(1 +A)
(
V,φ
V
)2
. (2.6)
Here
A ≡ 3f3H2φ′ (2.7)
measures the deviation from canonical inflation: for |A|  1 the Galileon term produces
negligible effects. In §3.1, we use this slow-roll approximation for H , Eq. (2.6), as a test
of the slow-roll approximation itself. For the chaotic inflation potential, φ′ < 0 and thus if
f3 < 0 the combination of Eqs. (2.5) and (2.7) gives
A ≈
√
1− 4f3V,φ − 1
2
. (2.8)
The original G-inflation model, hereafter called the “G-model,” took a constant f3 =
−M−3 so that far up the potential or at early times the Galileon term dominates, whereas
the canonical terms come to dominate as the field rolls down. The transition between the
two regimes is marked by A = 1 where V,φ = −2/f3 = 2M3 [32]. It is therefore interesting
to consider the relationship between the tensor and scalar observables as a function of A.
The scalar and tensor power spectra, under the slow-roll approximation, can be written as
[32]
∆
2 (SR)
ζ =
V 3
12pi2V 2,φ
(1 +A)2 (1 + 2A)1/2
(1 + 4A/3)3/2
,
∆2 (SR)γ =
V
6pi2
, (2.9)
where the tensor power spectrum is defined for each polarization state separately and is not
modified from its form in canonical inflation. Therefore for the same position on the potential
in field space, the G-model enhances scalar power over tensor power linearly in A for A  1.
However, given the strong experimental constraints on the tilt, the tensor-to-scalar ratio
of the G-model should be compared to chaotic inflation at the same tilt rather than the same
field value. The scalar tilt and tensor-to-scalar ratio are defined as usual as
ns − 1 ≡
d ln ∆2ζ
d ln k
, (2.10)
r ≡ 4 ∆
2
γ
∆2ζ
. (2.11)
For comparison to the CMB observables, these should be evaluated at k = k∗ = 0.05 Mpc−1.
These evaluations require converting a given field value φ to a wavenumber k. Under slow-
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roll, scalar fluctuations freeze out*4 when csk = aH, and therefore this relationship requires a
mapping between field values and the number of e-folds to the end of inflation ∆N = Nf−N .
From Eqs. (2.4) and (2.7),
∆N '
∫ φ
φf
(1 +A) V
V,φ˜
dφ˜ . (2.12)
Putting these relations together Ref. [32] found for A  1,
ns − 1 = − 9
5∆N + 2
, r =
64
√
6
9
2
5∆N + 2
,
where, by eliminating the e-folds to the end of inflation, we obtain the parametric relation
r = −128
27
√
2
3
(ns − 1) . (2.13)
For the A  1 limit, one recovers the canonical chaotic predictions
ns − 1 = − 4
2∆N + 1
, r =
16
2∆N + 1
,
which combined give
r = −4(ns − 1) . (2.14)
Ref. [32] noted that for a fixed e-fold, ∆N ∼ 50 − 60, the A  1 case has a lower r and
larger ns. However we see from Eqs. (2.13) and (2.14) that for the same ns, the A  1 limit
lowers r only by a negligible factor of ≈ 0.97. With recent improvements in the constraints
on both parameters, the G-model cannot cure the r-ns problem of the canonical φ
2 model
given any choice of M or ∆N . Furthermore no smooth transition or interpolation between
these two very close forms can solve this problem either. Monomial potentials with steeper
indices than φ2 face a similar issue.
While this might seem like a no-go for simple φn potentials, we will show in the following
sections that a more rapid transition between these two limits provides a solution where
the scalar tilt is substantially but transiently lowered while A remains sufficiently large to
suppress r. Furthermore by allowing a more rapid transition, we automatically cure the
gradient instability problem for these models. This problem arises if the transition to A < 1
occurs after the end of inflation such that the scalar sound speed squared c2s oscillates and
becomes negative during reheating. In the original G-inflation model, this restriction places a
lower limit on M [32] and an upper limit on the enhancements to the scalar power spectrum
through A. However, by making the transition more rapid, we can make it complete before
the end of inflation for any M*5.
*4Note that the scalar sound speed is cs =
√
2/3 for A  1 and cs = 1 for A  1 whereas the tensor
sound speed is ct = 1. Even in slow-roll, the freeze-out condition should in principle differ between the two
as we discuss below, but given slow variation of the expressions in (2.8) and (2.9), Ref. [32] ignored these
distinctions.
*5In [33], the addition of a kinetic X2 term to the Lagrangian was proposed. This term adds a positive
contribution to c2s, thus removing gradient instabilities. However, the effect of the Galileon term was weakened.
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Figure 1. G-inflation transition parameter A from Eq. (2.7) as a function of e-folds N , for the model
given in Eq. (3.1) and for the values M = 1.303×10−4, m = 2.58×10−6, φr = 13.87 and four different
values of the step width d: d = {0.5, 0.3, 0.15, 0.02}. Vertical lines denote N(φr), the epoch at which
the inflaton crosses the center of the step.
3 Potential-driven G-Inflation with step
As discussed in the previous section, the phenomenological problems of the original version
of G-inflation arise because the transition to canonical inflation takes place too slowly. To
resolve these problems, we promote f3 in Eq. (2.2) to be a step-like function of φ, hereafter
called the “Step model”,
f3(φ) = −M−3
[
1 + tanh
(
φ− φr
d
)]
, (3.1)
where φr and d are new parameters of the model related to the position in field space and
the width of the step respectively. This allows us to control the epoch and the rapidity of the
transition from G-inflation to canonical inflation. By making this transition sufficiently rapid
we can evade the observational problems in the r-ns plane as well as eliminate the gradient
instabilities at the end of inflation.
3.1 Background transition
With f3(φ) given in Eq. (3.1), we can numerically solve the background equations (2.4)
following the procedure explained in [32]. As discussed in §2, the transition from G-inflation
to canonical inflation is controlled by A in Eq. (2.7): namely, A evolves from A  1 to
A  1, with the transition occuring at A ≈ 1. For the model in Eq. (3.1), the rapidity of the
transition is controlled by the step width d. Figure 1 shows the evolution of A for different
values of d with m, M and φr fixed to values which we will motivate below. One can see
that the transition takes fewer e-folds N for a sharp step, i.e. for a small d. In these Step
model examples N is defined in such a way that at the end of inflation Nf = 55. We then
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Figure 2. Exact solution for the slow-roll prediction of H (RHS of Eq. (2.6)) (upper panel), fractional
difference between the solution employing the approximation in Eq. (2.12) and the exact background
value (middle panel), and exact solution for the slow-roll parameter δ1 =
1
2
d ln H
dN − H (lower panel).
All as a function of N and for the same models of Fig. 1. The vertical lines represent N(A = 1) for
each curve where the SR violation is nearly maximal.
take N = 0 as the epoch when CMB scales or specifically k∗ = 0.05 Mpc−1 left the scalar
sound horizon ∫ 55
0
dN
cs
aH
= 20 Mpc . (3.2)
Note that the wider the step is, the more the e-fold for which A = 1 lags N(φr) (shown with
vertical lines), when the inflaton passes the center of the step.
With a rapid transition, we generically expect that the SR approximation will break
down. In Fig. 2 we show the evolution of H for the same cases as Fig. 1 calculated nu-
merically and through the slow-roll approximation of Eq. (2.6). In the slow-roll comparisons
here and below we use the numerical computation of φ(N) to avoid conflating errors in the
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Figure 3. Scalar sound speed squared near the end of inflation Nf = 55 for the choice of values
M = 1.303 × 10−4, m = 2.58 × 10−4, φr = 13.87 and four different values of the step parameter d:
d = {0.081, 10, 20, 45}. Except for the widest case of d = 45, the step ensures that the transition
completes before the end of inflation, A(φf ) < 1, and eliminates the gradient instability, i.e. c2s > 0.
mapping of Eq. (2.12) and local deviations from slow-roll at a given N . Before and after
the transition (but before the end of inflation), the slow-roll approximation is quite good.
Near the transition, however, fractional differences increase as d decreases (Fig. 2, middle
panel). Furthermore, for a rapid evolution of H , it is expected that the second SR parame-
ter, δ1 =
1
2
d ln H
dN − H , be of order ∼ 1, reaffirming the SR breakdown, as shown in the lower
panel of Fig. 2. In both cases, the SR deviations peak near the epoch when A = 1 (vertical
lines). The rapid evolution of H and corresponding breakdown of the slow-roll approxima-
tion requires going beyond the slow-roll approximation for the accurate calculation of scalar
and tensor observables as we shall see in the next section.
To finish the discussion on the background solutions, Fig. 3 shows the evolution of the
sound speed squared of scalar perturbations, c2s, as a function of N (see Eq. (3.4) for details).
The value M = 1.303 × 10−4 of the Galileon mass scale used here is below the lower limit
obtained in [32] corresponding to the avoidance of gradient instabilities in the G-model case.
However, as expected for the Step model, we see that as long as the width is not very large
that the transition fails to complete by the end of inflation, the gradient instabilities disappear
– c2s is always positive – and this holds independently of the value of the Galileon mass scale
M . Since inflation ends at φ ∼ 1, this condition corresponds to setting the transition φr
sufficiently large given the width d.
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3.2 Inflationary observables
In order to compute inflationary observables, we expand to quadratic order in scalar and
tensor perturbations the action for LH given in Eq. (2.1):
S
(2)
ζ =
∫
d4x
a3bsH
c2s
(
ζ˙2 − c
2
sk
2
a2
ζ2
)
,
S(2)γ =
∑
λ=+,×
∫
d4x
a3bt
4c2t
(
γ˙2λ −
c2tk
2
a2
γ2λ
)
, (3.3)
parametrized by the sound speeds cs,t and normalization factors bs,t for scalar and tensor
perturbations which contain all the information coming from the Horndeski framework [41].
For the choice given in Eqs. (2.2) these parameters can be computed as*6
bs =
2µ1H − 2µ′1H − µ21
H
,
c2s =
3
(
2µ1H − 2µ′1H − µ21
)
4µ2 + 9µ21
, (3.4)
bt = 1 , c
2
t = 1 ,
where
µ1 = 2H − f3H3φ′3 ,
µ2 = −9H2 − 3f3,φH4φ′4 + 3
2
(
1 + 12H2f3φ
′)H2φ′2 . (3.5)
Notice that, for the choice of Eqs. (2.2), the tensor action is not modified from that of
canonical inflation.
Varying the quadratic actions given in Eqs. (3.3) we arrive at the Mukhanov-Sasaki
equation
d2ui
dτ2
+
(
c2i k
2 − 1
zi
d2zi
dτ2
)
ui = 0 . (3.6)
Here and below τ is the (positive, decreasing) conformal time until the end of inflation, and
i = s, t for the scalar and tensor perturbations respectively. We define the Mukhanov-Sasaki
variable as us ≡ zsζ and ut ≡ ztγ with
zs = a
√
2bsH
cs
, zt =
a
ct
√
bt
2
, (3.7)
for the quadratic actions in Eq. (3.3).
As shown in Fig. 2, for the Step model with a small step width we cannot apply the
slow-roll approximation to solve Eq. (3.6) due to the fact that the slow-roll conditions are
violated near the transition where A ∼ 1. We instead solve this equation numerically from
Bunch-Davies initial conditions to compute the power spectra as
∆2ζ(k) = lim
kτ→0
k3
2pi2
∣∣ζ∣∣2 ,
∆2γ(k) = lim
kτ→0
k3
2pi2
∣∣γ+,×∣∣2 , (3.8)
*6For the general case in which none of the Gn functions are taken to be equal to zero see [19, 32].
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which define the inflationary parameters ns(k) and r(k) through Eq. (2.11).
We now construct a working example of transient G-inflation in order to examine its
observable phenomenology further. With the convention that the CMB mode exits the scalar
sound horizon 55 e-folds before the end of inflation, the Step model has four remaining free
parameters: the mass scales M and m, and the step parameters φr and d. The inflaton mass
scale m mainly controls the Hubble rate and hence the amplitude of the power spectra. We
choose it to satisfy the Planck 2015 TT+lowP measurement of the scalar amplitude As =
∆2ζ(k∗) = (2.198± 0.08)× 10−9 [1]. For a fixed m, the Galileon mass scale M determines A
when the CMB mode leaves the horizon, which sets the tensor amplitude relative to the scalar
amplitude. We therefore fix it according to the desired suppression of r, for exampleA(0) ≈ 8.
Finally, the step parameters φr and d are determined by the Planck 2015 TT+lowP scalar tilt
ns = 0.9655±0.0062 and bounds on the running of the tilt αs = −0.0084±0.0082. With four
constraints for four parameters, we use slow-roll expressions to find initial parameter guesses
which satisfy these conditions and then iterate using numerical results for the background
and power spectrum (see §4) to enforce the Planck constraints beyond slow-roll.
Our resulting fiducial model has the parameter values M = 1.303 × 10−4, m = 2.58 ×
10−6, φr = 13.87, which are the choices in Figs. 1–3, and d = 0.086, which satisfies the
observational constraints on ns and αs. Comparing to Figs. 1 and 2, we see that this model
has a relatively fast transition and a moderate violation of slow-roll at the transition. For
this set of parameters, we show the resultant scalar power spectrum in Fig. 4 as computed by
solving numerically the Mukhanov-Sasaki equation (3.6) and compare that to the SR formula
in Eqs. (2.9) using the numerical relationship for φ(N) with kcs/aH = 1 (upper panel). The
discrepancy, which is quantified as the fractional difference between the solutions and shown
in the lower panel, is similar to the error in H , as shown in Fig. 2, in that they both peak
near the transition where A ≈ 1. On the other hand, the slow-roll approximation captures
the qualitative behavior of the power spectra and errs mainly in causing a shift in the scale k
at which the transition occurs. We shall see in the next section that the optimized evaluation
of slow-roll parameters can restore accuracy in the CMB regime by correctly fixing this shift.
We can now see how introducing a more rapid transition from G-inflation can solve
the observational problem of having too large r for the observed ns. Namely, the transition
mediates a suppression of the power spectrum or a larger red tilt 1 − ns than predicted by
the slow-roll formula in §2.
In Fig. 5 we show the parametric relationship between r and the ns for same model. The
step model starts at the lower right on the G-model curve but deviates sharply to a lower tilt
at the transition before returning to the chaotic inflation curve. In this way, the step solves
the observational problem of having a low r and a relatively large red tilt ns < 1. Note that
in Fig. 5 the wavenumber k varies along the curve and so only represents the CMB pivot
scale at a single point represented by the star. This model satisfies observational bounds on
r and ns, unlike the G-model and chaotic inflation.
Figure 6 depicts the same (ns, r) plane but now for the fixed pivot scale k∗. For the
G-model and chaotic inflation we show the mapping at ∆N = 50, 60 to provide a reasonable
range of possibilities as in Ref. [32], whereas for the Step model we keep ∆N = 55. The
Galileon mass scale M varies across the curves, where the black star marks the fiducial model
M = 1.303× 10−4, and superimposed are the constraints from the 2015 release of the Planck
collaboration [1]: we separately consider the full temperature auto-correlation spectrum at
all multipoles with the polarization spectra at low multipoles only (Planck TT+lowP) plus
the joint results of the Bicep2/Keck and Planck collaborations (BKP); as well as the Planck
– 10 –
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Figure 4. Scalar power spectrum for the Step model computed by solving numerically Eq. (3.6)
(stars) and by computing Eqs. (2.9) with the exact background solutions (dashed orange) (upper
panel). Fractional difference between the two solutions (lower panel). The set of parameters used
here is M = 1.303× 10−4, m = 2.58× 10−6, φr = 13.87 and d = 0.086. The vertical thin line marks
the CMB scale k∗ = 0.05 Mpc−1.
TT+lowP + BKP combination with Baryon Acoustic Oscillation (BAO) measurements.
As previously discussed, one can see that while the canonical chaotic and G- models
are in tension with the latest measurements, the Step model allows for a parameter space
of values for M which are in good agreement with the data. Following the methodology
explained above, for a given value of M , the inflaton mass m is fixed to obtain the correct
scalar amplitude, while the step parameters φr and d are chosen to keep ns and αs fixed.
Here we have chosen αs ≈ −0.01. Making M smaller allows the Step model to lower the
value of r while the transition keeps the CMB scales sufficiently red-tilted.
Furthermore, by varying M away from the fiducial value we encounter two endpoints.
As M , and hence r, decreases, the increasing value of A(0) combined with the requirement
that A < 1 at the end of inflation, places a lower limit on |αs| for a given ns. This lower
limit exceeds |αs| = 0.01 at r ≈ 0.005 explaining the lower endpoint in Fig. 6. On the other
hand, for large M , CMB scales are no longer in a fully G-inflationary phase so that φr and
d can also no longer be adjusted to match ns and, more importantly, αs ≈ −0.01.
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Figure 5. (ns, r) plane for the three models studied here: chaotic inflation (2.14), G-model (2.13)
and the Step model with the values M = 1.303× 10−4, m = 2.58× 10−6, φr = 13.87 and d = 0.086.
The wavenumber k varies along the curve in which case the star marks the CMB scale k∗ = 0.05
Mpc−1.
As one might expect, taking a smaller value of |αs|, which still satisfies the Planck
constraint, enables a less restrictive upper endpoint that eventually joins with the chaotic
or G-model curves. A smaller |αs| also implies a wider step and increases the lower limit
on r from requiring the transition complete before the end of inflation. A larger |αs| would
have the opposite effects but would begin to be in tension with Planck constraints. We thus
conclude that for the Step model r & 0.005, and at the lowest r-value |αs| > 0.01, so that
tensors and potentially scalar running should be observable with next generation surveys.
We comment further on the latter in §4.2.
For these observationally viable cases, perturbations on CMB scales were frozen in at
the very beginning of the transition. As we shall see next, this implies that CMB observables
can be accurately predicted by the OSR approximation which takes into account the variation
of the slow-roll parameters.
4 Generalized slow-roll
In the previous section we have seen that, by introducing a rapid transition from G-inflation
to canonical inflation that completes shortly after the CMB scales leave the horizon, we can
avoid the observational problems associated with the original G-model. At the transition,
the breakdown of the slow-roll approximation requires numerical solutions for full accuracy,
especially for large and sharp steps. On the other hand, CMB scales in observationally
viable cases are associated with the very beginning of the transition where there is a much
milder breakdown of slow-roll. For CMB observables it is therefore possible to develop
a better version of slow-roll that is analytic or semi-analytic. This also helps clarify the
phenomenology of the Step model and assists in parameter estimation from the observational
data.
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Figure 6. 68% and 95% CL allowed contours from Planck TT + lowP+ BKP and from Planck TT +
lowP + BKP + BAO in the (ns, r) plane along with the predictions for the canonical chaotic inflation
model, the G-model (both for ∆N = 50 and ∆N = 60) and the Step model (∆N = 55). In both
noncanonical cases, M is let to vary from 10−4 to 5 × 10−3, where a smaller M value is associated
with a smaller value in r. The black star marks the fiducial-model value M = 1.303× 10−4, whereas
M = 6.8×10−4 (M = 5×10−5) for the upper (lower) orange stars endpoints determined by requiring
the scalar running αs ≈ −0.01. Other Step model parameters are fixed by measurements of As and
ns as described in the text.
Techniques to handle such cases have already been developed for the effective field
theory (EFT) of inflation [39, 41], including the Horndeski theory to which our Step model
belongs: first the GSR formalism [34–40] allows for formally solving the Mukhanov-Sasaki
equation (3.6), in which only the size, but not the evolution, of the slow-roll parameters is
required to be small. When the evolution is also slower than the e-folding scale, GSR itself
can be systematically expanded in the OSR approximation which fixes the evaluation point
of the slow-roll parameters to obtain fully analytic solutions. Since this is the case for the
Step model at the beginning of the transition, the OSR approximation is accurate for this
model at CMB scales.
4.1 GSR
We can rewrite the Mukhanov-Sasaki equation (3.6), as
d2y
dx2
+
(
1− 2
x2
)
y =
f,χχ − 3f,χ
f
y
x2
, (4.1)
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Figure 7. Approximations for the scalar power spectrum of the Step model compared with the exact
numerical solution as in Fig. 4: SR (2.9), GSR (4.6), and OSR (4.9). The thin red vertical line marks
the CMB pivot scale k∗ = 0.05 Mpc−1 where GSR and OSR provide a highly accurate description.
by defining the new variables y =
√
2cikui, x ≡ ksi, χ ≡ lnx, for i = s, t with separate source
functions
fs ≡ 2pizs√csss =
√
8pi2
bsHcs
H2
aHss
cs
,
ft ≡ 2pizt√ctst =
√
2pi2
btct
H2
aHst
ct
, (4.2)
and sound horizons
ss,t(N) ≡
∫ Nf
N
cs,t
aH
dN , (4.3)
for scalars and tensors, respectively.
Notice that the left-hand side of Eq. (4.1) corresponds to the evolution of the modefunc-
tions in a de Sitter background and thus the right-hand side encodes deviations from the de
Sitter solution into the function f . So far we have not made any assumption for the evolution
of H or the other slow-roll parameters. In these variables the power spectra, Eqs. (3.8), are
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given by
∆2ζ,γ = lim
x→0
∣∣∣∣ (xyf
)
s,t
∣∣∣∣2 . (4.4)
If deviations from de Sitter remain small in amplitude, Eq. (4.1) can be solved iteratively
using Green function methods. Starting with the de Sitter solution of the left-hand side of
Eq. (4.1), i.e. the Bunch-Davies vacuum,
y0(x) =
(
1 +
i
x
)
eix , (4.5)
we can take y → y0 on the right-hand side of Eq. (4.1) to obtain the first-order iterative
solution (see, e.g., [36] for details),
ln ∆2 (GSR) ' −
∫ ∞
0
dx
x
W,χ(x)G (χ) , (4.6)
where W (x) is a window function given by
W (x) =
3 sin(2x)
2x3
− 3 cos(2x)
x2
− 3 sin(2x)
2x
, (4.7)
and G(χ) is a source function that now encodes all the deviations from the de Sitter solution
and it is written as
G ≡ −2 ln f + 2
3
(ln f),χ . (4.8)
The GSR formula, Eq. (4.6), still requires numerical integration, though it remains more
computationally efficient than solving Eq. (3.6). Moreover, the source function G provides a
model-independent means to connect observational constraints with any inflationary model
in the EFT class [43, 44]. The scalar tilt ns and higher order running coefficients can also be
efficiently computed numerically by taking derivatives of Eq. (4.6) with respect to the scale
k.
In Fig. 7, we compare the GSR approximation to the numerical solution for the same
model as in Fig. 4. GSR provides accurate predictions for the scalar power spectrum along
all values of k and only deviates slightly at the transition due to its large amplitude, which
can be improved if desired by iterating to higher order. At CMB sales of k∗ = 0.05 Mpc−1,
the approximation is accurate at the ∼ 0.01% level whereas SR deviations are at 7% level.
4.2 OSR
At CMB scales, the source function in Eq. (4.8) evolves only over timescales greater than an e-
fold (∆N > 1) as shown for H in Fig. 2. In this case we can Taylor expand the GSR formula,
Eq. (4.6), around a given evaluation epoch to write down approximate analytical formulas
for the power spectra, their tilts and runnings. For the traditional slow-roll expansion,
the evaluation epoch is chosen as the horizon exit epoch. However, we can optimize it to
minimize an error associated with truncation of the Taylor expansion (see [39, 41] for details).
We can then construct the hierarchy of running of power spectrum parameters out of slow-
roll parameters associated with the functions H, bs,t and cs,t. The OSR formulas which take
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into account a general background given by Eq. (2.1) can then be written to leading order
as [39, 41]
ln ∆
2 (OSR)
ζ ' ln
(
H2
8pi2bscsH
)
− 10
3
H − 2
3
δ1 − 7
3
σs1 − 1
3
ξs1
∣∣∣
x=x1
,
n (OSR)s − 1 ' −4H − 2δ1 − σs1 − ξs1 −
2
3
δ2 − 7
3
σs2 − 1
3
ξs2
∣∣∣
x=x1
, (4.9)
α (OSR)s ' −2δ2 − σs2 − ξs2 −
2
3
δ3 − 7
3
σs3 − 1
3
ξs3 − 82H − 10Hδ1 + 2δ21
∣∣∣
x=x1
,
for scalar, and
ln ∆2 (OSR)γ ' ln
(
H2
2pi2btct
)
− 8
3
H − 7
3
σt1 − 1
3
ξt1
∣∣∣
x=x1
,
n
(OSR)
t ' −2H − σt1 − ξt1 −
7
3
σt2 − 1
3
ξt2
∣∣∣
x=x1
, (4.10)
α
(OSR)
t ' −σt2 − ξt2 −
7
3
σt3 − 1
3
ξt3 − 42H − 4Hδ1
∣∣∣
x=x1
,
for tensor perturbations. Here lnx = lnx1 ≈ 1.06 is the optimized evaluation point, αi =
dni/d ln k is the running of the tilt, and the slow-roll parameters are defined as:
δ1 ≡ 1
2
d ln H
dN
− H , δp+1 ≡ dδp
dN
+ δp (δ1 − pH) ,
σi,1 ≡ d ln ci
dN
, σi,p+1 ≡ dσi,p
dN
, (4.11)
ξi,1 ≡ dln bi
dN
, ξi,p+1 ≡ dξi,p
dN
,
where i = s, t and p ≥ 1
Finally, the tensor-to-scalar ratio can be computed in the standard way through Eq. (2.11).
Note however that the ratio is taken at fixed k which in general gives the x = x1 evalua-
tion point at two different N for scalars and tensors, in which case the sound speeds cs and
ct differ. Figure 7 shows that although the OSR solution for the scalar power spectrum is
slightly less accurate than GSR, it is still a very good approximation with only ∼ 0.6% level
deviations at k∗ = 0.05 Mpc−1 (marked by the thin red line).
Furthermore the hierarchy of OSR coefficients As ≡ ∆2(OSR)ζ (k∗), ns(k∗) and αs(k∗)
define a local characterization of the scalar power spectrum in the usual way:
∆
2(SRH)
ζ (k) = As
(
k
k∗
)ns−1+ 12αs ln(k/k∗)
. (4.12)
In Fig. 8, we show that for the decade below or above the pivot scale k∗, this three-parameter
approximation works extremely well with errors less than 1%. This means that observational
data in this regime can be analyzed with the usual hierarchy parameterization so long as the
implications for inflationary model are extracted from the OSR relations. For example, in
the fiducial Step model, α
(OSR)
s (k∗) = −0.011 can be compared with the Planck temperature
power spectrum constraint of αs = −0.0084± 0.0082 [1]. Unlike the traditional expansion of
the SR approximation to second order in parameters, OSR can accurately relate inflationary
models to the SRH observables in such cases when |αs| is of order |ns − 1| [39].
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Figure 8. Slow-roll hierarchy (SRH) parameterization, Eq.(4.12), of the scalar power spectrum with
amplitude As, tilt ns and running of the tilt αs evaluated at k∗ (thin red line) using OSR compared
with the exact solution as in Fig. 4. The three hierarchy parameters provide a good description for
more than two decades around k∗.
Finally as discussed in §3.2, the step model allows for a possible range of values of the
running αs for a given value of r. For |αs| to be small, the transition must be wide, and
enforcing that the transition completes before the end of inflation places a lower bound on |αs|.
For instance, for r = 0.02, this corresponds to the constraint |αs| & 0.002. Furthermore, this
lower bound on |αs| increases as r decreases as the model must transition from an increasingly
enhanced scalar power spectrum within the ∼ 55 e-folds to the end of inflation; at r = 0.005,
|αs| & 0.01.
5 Conclusions
G-inflation provides the possibility that inflation is driven by simple potentials, like the mass
term of chaotic inflation, but with more complex kinetic interactions, while still satisfying
observational constraints on the scalar and tensor power spectra. We show that this is not
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possible with just a cubic Galileon interaction with a constant mass scale since the transition
from G-inflation to canonical inflation is too slow, leading to a scalar power spectrum that is
either too small relative to the tensors or too close to scale invariant. In addition, failure to
complete the transition by the end of inflation leads to gradient instabilities during reheating.
By introducing a sufficiently rapid step-like transition, we simultaneously solve both the
phenomenological and instability problems of potential driven G-inflation. Although we
chose the m2φ2 model of chaotic inflation, steeper monomial potentials also suffer from the
same problems which can be solved in the same way.
While a fast transition inevitably leads to a breakdown of the traditional slow-roll ap-
proximation at the peak of the transition, we show that for phenomenologically viable models,
fluctuations on CMB scales freeze out near the beginning of the transition. By comparing
exact numerical solutions with the generalized slow-roll approximation and its optimized
expansion, we show how to accurately relate the properties of the G-step model, such as
the position and width of the step and two mass scales, to the power spectrum observables
through the slow-roll parameters. In particular, across the scales that are currently pre-
cisely measured by the CMB and large-scale structure, the scalar power spectra can still be
described by an amplitude As, tilt ns − 1 and running of the tilt αs.
However the negative running of the tilt can be of order of ns − 1 itself unlike in the
traditional slow-roll approximation and necessitates the OSR approximation for its evalua-
tion. In fact for a given tensor-to-scalar ratio r, there is a lower bound on |αs| since the
transition must complete within the ∼ 55 e-folds to the end of inflation to avoid gradient
instabilities. While the required relatively large running of the tilt can satisfy current con-
straints if r & 0.005, it is potentially detectable with future high precision measurements and
also suppresses smaller scale structure in observable ways.
Acknowledgments
We thank Eiichiro Komatsu for useful and enlightening discussions. HR and OM would
like to thank the Fermilab Theoretical Physics Department and Kavli IPMU for their hos-
pitality. HR and OM were supported in part by MINECO Grant SEV-2014-0398, PROME-
TEO II/2014/050, Spanish Grants FPA2014-57816-P and FPA2017-85985-P of the MINECO,
and European Union’s Horizon 2020 research and innovation programme under the Marie
Sk lodowska-Curie grant agreements No. 690575 and 674896. HM was supported by JSPS
KEKENHI Grant No. JP17H06359. WH was supported by U.S. Dept. of Energy contract
DE-FG02-13ER41958, NASA ATP NNX15AK22G and the Simons Foundation.
References
[1] Planck collaboration, P. A. R. Ade et al., Planck 2015 results. XX. Constraints on inflation,
Astron. Astrophys. 594 (2016) A20, [1502.02114].
[2] E. Silverstein and D. Tong, Scalar speed limits and cosmology: Acceleration from D-cceleration,
Phys. Rev. D70 (2004) 103505, [hep-th/0310221].
[3] M. Alishahiha, E. Silverstein and D. Tong, DBI in the sky, Phys. Rev. D70 (2004) 123505,
[hep-th/0404084].
[4] J. J. M. Carrasco, R. Kallosh and A. Linde, α-Attractors: Planck, LHC and Dark Energy,
JHEP 10 (2015) 147, [1506.01708].
– 18 –
[5] R. Bean, X. Chen, G. Hailu, S. H. H. Tye and J. Xu, Duality Cascade in Brane Inflation,
JCAP 0803 (2008) 026, [0802.0491].
[6] E. Silverstein and A. Westphal, Monodromy in the CMB: Gravity Waves and String Inflation,
Phys. Rev. D78 (2008) 106003, [0803.3085].
[7] L. McAllister, E. Silverstein and A. Westphal, Gravity Waves and Linear Inflation from Axion
Monodromy, Phys. Rev. D82 (2010) 046003, [0808.0706].
[8] R. Flauger, L. McAllister, E. Pajer, A. Westphal and G. Xu, Oscillations in the CMB from
Axion Monodromy Inflation, JCAP 1006 (2010) 009, [0907.2916].
[9] T. Futamase and K.-i. Maeda, Chaotic Inflationary Scenario in Models Having Nonminimal
Coupling With Curvature, Phys. Rev. D39 (1989) 399–404.
[10] R. Fakir and W. G. Unruh, Improvement on cosmological chaotic inflation through nonminimal
coupling, Phys. Rev. D41 (1990) 1783–1791.
[11] E. Komatsu and T. Futamase, Complete constraints on a nonminimally coupled chaotic
inflationary scenario from the cosmic microwave background, Phys. Rev. D59 (1999) 064029,
[astro-ph/9901127].
[12] M. P. Hertzberg, On Inflation with Non-minimal Coupling, JHEP 11 (2010) 023, [1002.2995].
[13] N. Okada, M. U. Rehman and Q. Shafi, Tensor to Scalar Ratio in Non-Minimal φ4 Inflation,
Phys. Rev. D82 (2010) 043502, [1005.5161].
[14] A. Linde, M. Noorbala and A. Westphal, Observational consequences of chaotic inflation with
nonminimal coupling to gravity, JCAP 1103 (2011) 013, [1101.2652].
[15] L. Boubekeur, E. Giusarma, O. Mena and H. Ramı´rez, Does Current Data Prefer a
Non-minimally Coupled Inflaton?, Phys. Rev. D91 (2015) 103004, [1502.05193].
[16] G. W. Horndeski, Second-order scalar-tensor field equations in a four-dimensional space, Int. J.
Theor. Phys. 10 (1974) 363–384.
[17] A. Nicolis, R. Rattazzi and E. Trincherini, The Galileon as a local modification of gravity,
Phys. Rev. D79 (2009) 064036, [0811.2197].
[18] C. Deffayet, X. Gao, D. A. Steer and G. Zahariade, From k-essence to generalised Galileons,
Phys. Rev. D84 (2011) 064039, [1103.3260].
[19] T. Kobayashi, M. Yamaguchi and J. Yokoyama, Generalized G-inflation: Inflation with the
most general second-order field equations, Prog. Theor. Phys. 126 (2011) 511–529, [1105.5723].
[20] M. Zumalaca´rregui and J. Garc´ıa-Bellido, Transforming gravity: from derivative couplings to
matter to second-order scalar-tensor theories beyond the Horndeski Lagrangian, Phys. Rev.
D89 (2014) 064046, [1308.4685].
[21] J. Gleyzes, D. Langlois, F. Piazza and F. Vernizzi, Healthy theories beyond Horndeski, Phys.
Rev. Lett. 114 (2015) 211101, [1404.6495].
[22] H. Motohashi and T. Suyama, Third order equations of motion and the Ostrogradsky
instability, Phys. Rev. D91 (2015) 085009, [1411.3721].
[23] D. Langlois and K. Noui, Degenerate higher derivative theories beyond Horndeski: evading the
Ostrogradski instability, JCAP 1602 (2016) 034, [1510.06930].
[24] H. Motohashi, K. Noui, T. Suyama, M. Yamaguchi and D. Langlois, Healthy degenerate
theories with higher derivatives, JCAP 1607 (2016) 033, [1603.09355].
[25] R. Klein and D. Roest, Exorcising the Ostrogradsky ghost in coupled systems, JHEP 07 (2016)
130, [1604.01719].
[26] J. Ben Achour, M. Crisostomi, K. Koyama, D. Langlois, K. Noui and G. Tasinato, Degenerate
– 19 –
higher order scalar-tensor theories beyond Horndeski up to cubic order, JHEP 12 (2016) 100,
[1608.08135].
[27] M. Crisostomi, R. Klein and D. Roest, Higher Derivative Field Theories: Degeneracy
Conditions and Classes, JHEP 06 (2017) 124, [1703.01623].
[28] H. Motohashi, T. Suyama and M. Yamaguchi, Ghost-free theory with third-order time
derivatives, 1711.08125.
[29] T. Kobayashi, M. Yamaguchi and J. Yokoyama, G-inflation: Inflation driven by the Galileon
field, Phys. Rev. Lett. 105 (2010) 231302, [1008.0603].
[30] C. Burrage, C. de Rham, D. Seery and A. J. Tolley, Galileon inflation, JCAP 1101 (2011) 014,
[1009.2497].
[31] K. Kamada, T. Kobayashi, M. Yamaguchi and J. Yokoyama, Higgs G-inflation, Phys. Rev.
D83 (2011) 083515, [1012.4238].
[32] J. Ohashi and S. Tsujikawa, Potential-driven Galileon inflation, JCAP 1210 (2012) 035,
[1207.4879].
[33] K. Kamada, T. Kobayashi, T. Kunimitsu, M. Yamaguchi and J. Yokoyama, Graceful exit from
Higgs G inflation, Phys. Rev. D88 (2013) 123518, [1309.7410].
[34] E. D. Stewart, The Spectrum of density perturbations produced during inflation to leading order
in a general slow roll approximation, Phys.Rev. D65 (2002) 103508, [astro-ph/0110322].
[35] K. Kadota, S. Dodelson, W. Hu and E. D. Stewart, Precision of inflaton potential
reconstruction from CMB using the general slow-roll approximation, Phys. Rev. D72 (2005)
023510, [astro-ph/0505158].
[36] C. Dvorkin and W. Hu, Generalized Slow Roll for Large Power Spectrum Features, Phys. Rev.
D81 (2010) 023518, [0910.2237].
[37] W. Hu, Generalized Slow Roll for Non-Canonical Kinetic Terms, Phys. Rev. D84 (2011)
027303, [1104.4500].
[38] W. Hu, Generalized slow roll for tensor fluctuations, Phys. Rev. D89 (2014) 123503,
[1405.2020].
[39] H. Motohashi and W. Hu, Running from Features: Optimized Evaluation of Inflationary Power
Spectra, Phys. Rev. D92 (2015) 043501, [1503.04810].
[40] V. Miranda, W. Hu, C. He and H. Motohashi, Nonlinear Excitations in Inflationary Power
Spectra, Phys. Rev. D93 (2016) 023504, [1510.07580].
[41] H. Motohashi and W. Hu, Generalized Slow Roll in the Unified Effective Field Theory of
Inflation, Phys. Rev. D96 (2017) 023502, [1704.01128].
[42] H. Motohashi and W. Hu, Primordial Black Holes and Slow-Roll Violation, Phys. Rev. D96
(2017) 063503, [1706.06784].
[43] C. Dvorkin and W. Hu, Complete WMAP Constraints on Bandlimited Inflationary Features,
Phys. Rev. D84 (2011) 063515, [1106.4016].
[44] G. Obied, C. Dvorkin, C. Heinrich, W. Hu and V. Miranda, Inflationary Features and Shifts in
Cosmological Parameters from Planck 2015 Data, Phys. Rev. D96 (2017) 083526,
[1706.09412].
– 20 –
